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A metric space with transfinite asymptotic dimension
2ω + 1
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Abstract. We construct a metric space whose transfinite asymptotic dimension and
complementary-finite asymptotic dimension 2ω + 1.
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1 Introduction
Asymptotic dimension introduced by M.Gromov [1] and property A by G.Yu [2] are fundamental concepts
in coarse geometry (see [3]). T. Radul defined the transfinite asymptotic dimension (trasdim) which can
be viewed as a transfinite extension of the asymptotic dimension and proved that for a metric space X ,
trasdim(X) <∞ if and only if X has asymptotic property C. T. Radul gave examples of metric spaces with
trasdim= ∞ and with trasdim= ω, where ω is the smallest infinite ordinal number (see [7]). But whether
there is a metric space X with ω <trasdim(X) <∞ (stated as“omega conjecture”in [9] by M. Satkiewicz) is
unknown until recently [10]. In this paper, by the technique developed in [10], we construct a metric spaces
Xω+k with trasdim(X2ω+1) = 2ω + 1, which generalized the result in [10] and [11].
The paper is organized as follows: In Section 2, we recall some definitions and properties of transfinite
asymptotic dimension. In Section 3, we introduce a concrete metric spaceX2ω+1 whose transfinite asymptotic
dimension and complementary-finite asymptotic dimension 2ω + 1.
2 Preliminaries
Our terminology concerning the asymptotic dimension follows from [12] and for undefined terminology
we refer to [7] and [11]. Let (X, d) be a metric space and U, V ⊆ X , let
diam U = sup{d(x, y)|x, y ∈ U} and d(U, V ) = inf{d(x, y)|x ∈ U, y ∈ V }.
Let R > 0 and U be a family of subsets of X . U is said to be R-bounded if
diam U
.
= sup{diam U | U ∈ U} ≤ R.
In this case, U is said to be uniformly bounded. Let r > 0, a family U is said to be r-disjoint if
d(U, V ) ≥ r for every U, V ∈ U with U 6= V.
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In this paper, we denote
⋃
{U | U ∈ U} by
⋃
U , denote {U | U ∈ U1 or U ∈ U2} by U1 ∪ U2 and denote
{Nδ(U) | U ∈ U} by Nδ(U) for some δ > 0. Let A be a subset of X , we denote {x ∈ X |d(x,A) < ǫ} by
Nǫ(A) and denote {x ∈ X |d(x,A) ≤ ǫ} by Nǫ(A) for some ǫ > 0.
Definition 2.1. A metric space X is said to have finite asymptotic dimension if there exists n ∈ N, such
that for every r > 0, there exists a sequence of uniformly bounded families {Ui}
n
i=0 of subsets of X such
that the family
⋃n
i=0 Ui covers X and each Ui is r-disjoint for i = 0, 1, · · · , n. In this case, we say that the
asymptotic dimension of X less than or equal to n, which is denoted by asdimX ≤ n.
We say that asdimX = n if asdimX ≤ n and asdimX ≤ n− 1 is not true.
T. Radul generalized asymptotic dimension of a metric space X to transfinite asymptotic dimension
which is denoted by trasdim(X) (see [7]). Let FinN denote the collection of all finite, nonempty subsets of
N and let M ⊆ FinN. For σ ∈ {∅}
⋃
FinN, let
Mσ = {τ ∈ FinN | τ ∪ σ ∈M and τ ∩ σ = ∅}.
Let Ma abbreviate M{a} for a ∈ N. Define the ordinal number OrdM inductively as follows:
OrdM = 0 ⇔ M = ∅,
OrdM ≤ α ⇔ ∀ a ∈ N, OrdMa < α,
OrdM = α ⇔ OrdM ≤ α and OrdM < α is not true,
OrdM =∞ ⇔ OrdM ≤ α is not true for every ordinal number α.
Given a metric space X , define the following collection:
A(X) = {σ ∈ FinN | there are no uniformly bounded families Ui for i ∈ σ
such that each Ui is i-disjoint and
⋃
i∈σ
Ui covers X}.
The transfinite asymptotic dimension of X is defined as trasdimX=OrdA(X).
3 A metric space whose transfinite asymptotic dimension and
complementary-finite asymptotic dimension 2ω + 1
Let
X((p1, ..., pn), (q1, ..., qn)) = {(xi)
∑
n
j=1
qj
i=1 ∈ (2
p1Z)
∑
n
j=1 qj : ♯{i : xi /∈ 2
pn−kZ} ≤
n−k∑
j=1
qj for 1 ≤ k ≤ n− 1}
in which (p1, ..., pn), (q1, ..., qn) ∈ N
n and p1 ≤ ... ≤ pn.
For simplicity, we abuse the notation a little by denoting
X((p1, ..., pn), (q1, ..., qn)) = (pnZ)
∑
n
j=1
qj when pj ∈ Z
− for some j.
By this new notation, the space Y2ω constructed simultaneously in [11] and [8] equals to
as
⋃∞
k=0(as
⋃∞
n=−kX((k, n+ k), (k + 1, n))) and hence
trasdim(as
∞⋃
k=0
(as
∞⋃
n=−k
X((k, n+ k), (k + 1, n)))) = 2ω.
Now we will prove: trasdim(as
⋃∞
k=0(as
⋃∞
n=0X((0, k, n), (1, k, n− k)))) = 2ω + 1.
Proposition 3.1. trasdim(as
⋃∞
k=0(as
⋃∞
n=0X((0, k, n), (1, k, n− k)))) ≤ 2ω + 1.
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Proof. Since for k ≤ n, X((0, k, n), (1, k, n− k)) ⊂ X((0, k), (1, n)), by the proof Proposition 3.2 in [10]. For
any d > 0, there exists d−disjoint uniformly bounded subsets families U0 and U1 such that
⋃
(U0 ∪ U1) = as
∞⋃
k=M+1
(as
∞⋃
n=0
X((0, k, n), (1, k, n− k))) for some M > 0.
So
as
∞⋃
k=0
(as
∞⋃
n=0
X((0, k, n), (1, k, n− k))) \
⋃
(U0 ∪ U1) = as
∞⋃
k=M
(as
∞⋃
n=0
X((0, k, n), (1, k, n− k)))
which implies trasdim(as
⋃M+1
k=1 (as
⋃∞
n=0X((0, k, n), (1, k, n− k)))) ≤ ω +M and hence
trasdim(as
∞⋃
k=0
(as
∞⋃
n=0
X((0, k, n), (1, k, n− k)))) ≤ 2ω + 1.
Proposition 3.2. trasdim(as
⋃∞
k=0(as
⋃∞
n=0X((0, k, n), (1, k, n− k)))) > 2ω.
Proof. If not, coasdim(as
⋃∞
k=0(as
⋃∞
n=0X((0, k, n), (1, k, n − k)))) ≤ 2ω by Proposition 3.2 in [11]. So for
any d > 0 big enough and any d−disjoint R−bounded subsets family U0,
trasdim(as
∞⋃
k=0
(as
∞⋃
n=0
X((0, k, n), (1, k, n− k))) \
⋃
U0) < 2ω.
Let M > R+ 2d. For each point (xi)
n+1
i=1 ∈ X((0, k, n), (1, k, n− k))) with n ≥ k ≥M , we have
f((xi)
n+1
i=1 )
.
= ([xi/2
k]2k)n+1i=1 ∈ X((k, n), (k + 1, n− k))).
Since M > R + 2d, f(X((0, k, n), (1, k, n− k)))) = X((k, n), (k + 1, n− k))) for n ≥ k ≥ M . So we can
define a surjective map
f : as
∞⋃
k=M
(as
∞⋃
n=k
X((0, k, n), (1, k, n− k)))→ as
∞⋃
k=M
(as
∞⋃
n=k
X((k, n), (k + 1, n− k))))
Because U0 is d−disjoint R−bounded, d(f(x), f(y))− 2M ≤ d(x, y) ≤ d(f(x), f(y)) + 2M . So we proved
that for M > R+ 2d
as
∞⋃
k=M
(as
∞⋃
n=k
X((0, k, n), (1, k, n− k))) \
⋃
U0 and as
∞⋃
k=M
(as
∞⋃
n=k
X((k, n), (k + 1, n− k)))
are coarsely equivalent. By the new description of Y2ω ,
trasdim(as
∞⋃
k=M
(as
∞⋃
n=k
X((k, n), (k+1, n−k)))) = trasdim(as
∞⋃
k=M
(as
∞⋃
n=k
X((0, k, n), (1, k, n−k)))\
⋃
U0) = 2ω,
which is a contradiction.
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